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ABSTRACT: Let G be a graph. For a given y -total colouring of a graph G, a dominating set S € V (G) is said to be a
dom-total colouring set if it contains atleast one vertex of each colour class of G. The dom-total chromatic number of a
graph G is the minimal cardinality taken over all its dom-total colouring sets and is denoted by ya« (G). In this paper,
we introduce algorithms to obtain the dom- total colouring and dom-total chromatic number central of graphs.
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L. INTRODUCTION

All graphs considered in this paper are finite, undirected graphs and we follow standard definition of graph theory as
found in [1]. Let G = (V, E) be a graph. The open neighborhood N(v) of a vertex v EV(G) consists of the set of all
vertices adjacent to v. The closed neighborhood of v is N[v] = N (v)U{v}. An induced subgraph G[S], where S of a
graph G is a graph formed from a subset S of the vertices of G and all of the edges connecting pairs of vertices in S. A
graph in which every pair of vertices is joined by exactly one edge is called complete graph. A complete bi partite graph
is a graph whose vertices can be partitioned into two subsets Viand V» such that no edge has both end points in the
same subset, and each vertex of V;is connected to every vertex of V,and vice -verse. A star graph S, is the complete
bipartite graph K .1 (A tree with one internal node and n-1leaves).

The path and cycle of order n are denoted by P, and C, respectively. For any two graphs G and H, we define the
cartesian product, denoted by GxH , to be the graph with vertex set V(G)xV(H) and edges between two vertices (ui ,vi)
and (uz,v» ) if either u;=u, and v,v,€E (H) or u;u,€E(G) and v|=v>.

A subset S of V is called a dominating set if every vertex in V-S is adjacent to at least one vertex in S. The dominating
set is minimal dominating set if no proper subset of S is a dominating set of G. The domination number vy is the
minimum cardinality taken over all minimal dominating set of G. A y-set is any minimal dominating set with
cardinality .

A proper coloring of G is an assignment of colors to the vertices of G such that adjacent vertices have different colors.
The minimum number of colors for which there exists a proper coloring of G is called chromatic number of G and is
denoted by ¥ (G). A dominator coloring of G is a proper coloring of G in which every vertex of G dominates atleast
one color class. The dominator chromatic number is denoted by ¥4 (G) and is defined by the minimum number of colors
needed in a dominator coloring of G .This concept was introduced by Ralucca Michelle Gera in 2006[2].

In a proper coloring C of G, a color class of C is a set consisting of all those vertices assigned the same color. Let C / be a
minimal dominator coloring of G. We say that a color class ¢; EC ! is called a non-dominated color class (n-d color class)
if it is not dominated by any vertex of G. These color classes are also called repeated color classes. For a given y -total
colouring of a graph G, a dominating set S € V (G) is said to be a dom- total colouring set if it contains atleast one vertex
of each colour class of G. The dom-total chromatic number of a graph G is the minimal cardinality taken over all its dom-
total colouring sets and is denoted by ya« (G). Let G be an undirected graph with no loops and parallel edges. The
graph formed by subdividing each edge exactly once and joining all the non -adjacent vertices of the graph is called the
central graph. It is denoted by the symbol C(G).

The central graph of a graph G is obtained by subdividing each edge of G exactly once by inserting a new vertex on
every edge and joining all the non-adjacent vertices of G in the original graph G . The central graph of G is denoted by
C(G). Let P, be a path graph with n vertices and the vertex set and edges set of path graph is given by V(B,) =
{vi, vy, -+, v} and E(B,) = {v;v;4,: 1 <i < n— 1}. The central graph of P, is denoted by C(P,) is obtained by
subdividmg each edge v;v;,, of P, with a new vertex u; and joining every pair of non-adjacent vertices of P, . Thus,
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the vertex set and edge set of C(B,) is V(C(Pn)) ={vy, vy, =, Upt U {ug,uy, -+, u,} and E(C(Pn)) =
fviu;:1<i<n—-1} U {yv;:1<i<n-1} U {viv]-: i<i<n-—2,i+2<j<n} LetC,beacyclegraph
with n vertices and the vertex set and edge set of C, is given by V(C,) = {v;: 1 <i<n} and E(C,) =
{fviviyq1: 1 <i<n-—1} U {v,v,}.The central graph of C, is denoted by C(C,) is obtained by subdividing each
edge of C,, with a new vertex u; and joining every pair of non-adjacent vertices of C,. Thus, the vertex set and edge set
of C(C,) is given by V(C(Cn)) ={y:1<is<ntuUuf{y:1<i< n}E(C(Cn)) ={vu:1<i<n}u
fuvip1:1<i<n-1} U {u,w}u {vivj: 1<i<n-2,i+2<j<n-1}.A Star graph with n + 1 vertices is
denoted by K;, . The vertex set and edge set is given by V(Kl_n) = {vy, V4, vy, =+, Uy} and E (Kl,n) =
{vov;: i =1,2,3,--n}

The central graph of star graph of K, ,, is denoted by C (Kl,n) .Thus, the vertex set and edge set of C (Kl,n) is given by
V(C(Klyn)) ={y:1<i<nju{y:1<i<n}uU{y,} and E(C(Kl_n)) ={vou;:1<i<n}Uuf{yy;:1<
i<nmpu{vy:1<i<ni+1<j<n}

|e-ISSN: 2319-8753, p-ISSN: 2347-6710] www.ijirset.com | Impact Factor: 8.118| A Monthly Peer Reviewed & Referred Journal |

II. MAIN RESULTS

Theorem:1
The Dom-Total chromatic number of the central graph of a path P, is given by
n
n-— [5] , for oddn
Va—tc (C(Pn)) = n
n+1- 5] forevenn
Proof:

Let B, be a path with vertex set V(B,) ={v;: 1<i<n}andedgeset E(B,) ={vjv;;;:1<i<n—-1}

The Central graph of P, is denoted by C(P,) and has n original vertices and n — 1 subdivision vertices. That is
|V(C(Pn))| = 2n — 1. Thus, the vertex set and edge set of C(B,) is given by
V(icR))={v:1<i<n}u{y:1<i<n-1} ,E(C(R)) = viy:1<i<n-1} U {uyw;: 1<i<n-—
1} v {vivj:iSiSn—Z, i+2<j<n}

Case i) When n is odd

Forall1 <i,j < n.Letthe colorsetbe C ={1, 2, ---, n}

Define a function f;: V(C(B,)) — C by

(2i + 1)(mod n) , if (2i + 1) # 0(mod n)
filv) = :
n , otherwise
fl(vn) =n andfl(un—l) =1
2(i + )(mod n) , if 2(i + 1) £ 0(mod n)
filuy) = wari
n , otherwise
Define a function f,: E(C(P,)) — C by
(i+)modn) ., if(i+))=0(modn),j>i+1
f2(vivy) = n otherwise
) _ |+ j)(modn) if i+j)z0(modn),j>i+1
fz(biuf) B { n , otherwise

The above coloring satisfies the condition for a total coloring of the central graph of path P, for odd n . Hence, the total
chromatic number of the central graph of the path B, is n.
ie., x T(C(Pn)) =n, foroddn
Case ii) When n is even
Forall1 <i,j <n .Letthecolorsetbe C ={1, 2, ---, n+ 1}
Define a function f;: V(C(B,)) — C by
() = (2i + D(modn+1) , if 2Qi+1)=0(modn+1)
fi(v:) = n+1 , otherwise
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2(i+ )(moedn+1) , if 2(i+1) = 0(modn+1)

i) = n+1 otherwise

Define a function f5: E(C(B,)) - C by
(i +j)(modn+1), if i+j)z0medn+1),j>i+1

f2(vv;) =

n+1 , otherwise
(i+j)modn+1) , if(i+j))=0modn+1),j>i+1
flvuy) = J J J
2\ n+1 , otherwise

The above coloring satisfies the condition for a total coloring of the central graph of path P, for even n. Hence, the
total chromatic number of the central graph of path P, isn + 1 for even n.
ie, x7(C(B))=n+1, forevenn

for odd n

x 7 (CPY) = ['.'1 +1 ,  forevenn

Hence,

To determine the domination number of C (B,),
Consider the set D = {v;,v3,vs,++ } is set consisting of every alternate original vertex of B,

Thus, D dominates all vertices of C(B,), and no smaller set can dominate all vertices. Therefore, y(C (Pn)) = E] . We

have,

n-— E] , for oddn

n
n+1- {E] for evenn

Yd—tc (C(Pn)) = XT(C(Pn)) - V(C(Pn)) =

Hence, the Dom-Total chromatic number of central graph of P, is

n
n-— [E] foroddn
n

n+1-— [5 , for evenn

Ya-tc (C(B,)) =

Ilustration:1
Consider the central graph of a path Ps , here n = 5 which is odd. So, the total chromatic number of the central graph
of the path Ps is 5 and Dom-Total chromatic number of central graph of path P is yd_tc(C (PS)) =5-2=3

Total coloring of central graph of path Py and yd_tC(C (P5)) =3
Ilustration :2

Consider the central graph of a path Py, here n = 6 which is even. So, the total chromatic number of the central graph
of the path P; is 7 and Dom-Total chromatic number of central graph of path Py is Yd—tc(C (P6)) =7-3=4
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Total coloring of central graph of path P, and yd_tC(C (P6)) =4

Theorem 2.2
The Dom-Total chromatic number of the central graph of a cycle C,, is given by

n-— E] , foroddn

n
n+1-— {E} forevenn

Ya—tc (C(Cn)) =

Proof: Let C, be the cycle graph and has vertex set V(C,) = {v;: 1 <i<n} and the edge set E(C,) =
{vlvl+1 l<sisn- 1} u {Unvl}

The central graph of cycle C, is denoted by C(C,) and has n original vertices and n subdivision vertices. That is
|V(C(Cn))| = 2n. Thus, the vertex set and edge set of C(C,) is given by V(C(C,)) = {v;: 1<i<n}u
{u;:1<i<nj} andE(C(Cn)) ={vu:1<i<n}uf{yvy,:1<i<n-1} U {uv} U {vivj: 1<i<n-
2,i+2<j<n-1}

Case i) When n is odd

Forall1 <i,j <n .Letthe colorsetbe C ={1, 2, -+, n}

Define a function f;: V(C(C,)) - C by

(2i + 1)(mod n) , if (2i +1) = 0(mod n)
fl(vf} = ,
mn \ otherwise
2(i + 1)(mod n) , if 2(i + 1) £ 0(mod n)
fi(u;) = .
n \ otherwise
Define a function f: E(C(Cn)) - C by
(i+j)modn) , if(i+j)z0(modn),j>i+1
fz(vi i}j) - n otherwise
fo(va) = (AT Dmodn+ 1) if (i +)) 2 0(modn+1),j>i+1
S n+1 \ otherwise

The above coloring satisfies the condition for a total coloring of the central graph of cycle C,, for odd n. Hence, the
total chromatic number of the central graph of the cycle C,, isn foroddn.

ie,xr (C(Cn)) =n, foroddn

Case ii) When n is even

Forall1 <i,j<n .Letthecolorsetbe C ={1, 2, -, n+ 1}

Define a function f;: V(C(Cn)) - C
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fi(v) = {(Zi + 1) (modn+1) , if (2i+ 'l? £ 0(modn+1)
! n+1 , otherwise
f(u) = {2(i +1D(modn +1) , if 2(i +1) # 0(mod n + 1)
! n+1 s otherwise
fl(un) =1

Define a function f;: E(C(Cn)) - C
(i +j)(modn+ 1), ifi+j)z0modn+1),j>i+1
fz(vf”j) =

n+1 , otherwise
(i+j)(modn+1) , if i+j)z0modn+1),j=i+1
folva) =
2\ n+1 . otherwise

The above coloring satisfies the condition for a total coloring of the central graph of the cycle C,, for even n . Hence,
the total chromatic number of the central graph of the cycle C,, isn+ 1 forevenn.
ie,xr(C(Cy)) =n+1, forevenn

J foroddn
Xr (C(Cn)) {” +1 , for evenn
Hence,

To determine the domination number of C(C,)
Consider the set D = {v;, v3, Vs, -+ } is consisting of every alternate original vertex of C,.
Thus, D dominates all vertices of C(C,,) and no smaller set can dominate all vertices.

Therefore, }/(C (Cn)) = E]
We have,

n
n-— [5] , foroddn

Va-te (C(C)) = x7(C(C)) —v(C(C,)) = .
n+1-— |_'§] for evenn

Hence, The Dom-Total chromatic number of central graph of C, is

n-— E] , foroddn

n
n+1-— {E} forevenn

Ya—ee (C(C,)) =

Ilustration :1 Consider the central graph of a cycle Cs , here n = 5, which is odd. So, the total chromatic number of
the central graph of the cycle Cs is 5 and Dom-Total chromatic number of central graph of cycle Cs is yd_tC(C (c 5)) =
5-2=3

|

Total coloring of central graph of cycle Cs and yd_tc(C(CS)) =3
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Ilustration :2
Consider the central graph of a cycle Cg , here n = 8 which is even. So, the total chromatic number of the central graph
of the cycle Cg is 9 and Dom-Total chromatic number of central graph of cycle yd_tC(C (Cg)) =9—-4=5

Total coloring of central graph of cycle Cg and yd_tC(C (CB)) =5

Theorem :3

The Dom-Total chromatic number of the central graph of a star K; , isn — 1 forn = 3

Proof:

Let K;, be astar graph and v, be the central vertex and {vy, v,, ‘-, v, } be the pendent vertices of K, ,,

The central graph of a star Ky, is C (Kl,n) . Let the new vertices {u;: 1 <i < n}. Thus, the vertex and edge set of
C(Kyy) is given byV (C(Kl,n)) ={y:1<i<ntu{y:1<i<n} U {v,}and E (C(Kl,n)) ={vu;:1<i <
n}Ufuyv:1<i<n}u {vivj: 1<i<n-1,i+1<j<n}

For1 <i,j <n.Letthecolorsetbe C ={1, 2, -, n+ 1}

Define a function f;: V (C(Kl‘n)) - C by

five) =n+1, iv) =i, 1<i<n filw) =3, ilw,) =1,
filu) =i—-1,2<i<n-1

Define a function f;: E (C(Kl‘n)) ->Cby folvouy) =i, 1<i<n

, | 2i(medn+1) if 2i 2 0(modn+ 1)

falvie) = { n+l1 , otherwise

f(vv)— (i+j)modn+ 1), if(i+j)=z0(modn+1),j=1i
B n+1 , otherwise

The above coloring satisfies the condition for a total coloring of the central graph of the star K;, . Hence the total
chromatic number of the central graph of the star K; ,isn+1Vn=>3

ie., Xt (C(Kl_n)) =n+1, forn=3
To determine the domination number of C (K ,,)
Consider the set D = {v,, v,} is the minimum dominating set which dominates all the vertices of C (Kl,n)' Hence,

v(c(kin)) =2
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We have, Va—ce (C(Kin)) = x7 (C(Kun)) =¥ (C(Kin)) =n+1-2=n-1
Hence, The Dom-Total chromatic number of central graph of K; ,, 1S Yg_¢c (C (Kl,n)) =n-—-1

Ilustration :1
Consider the central graph of star K, , , here n = 4 . So, the total chromatic number of the central graph of star K, , is

5 and the Dom-Total chromatic number of central graph of star K; 4is ¥q_¢¢ (C (K1_4)) =5-2=3

Total coloring of central graph of star K; 4 and y4_,, (C (KM)) =3
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